Statistical properties of polarized CMB foreground maps by von Hausegger, Sebastian et al.
MNRAS 000, 1–10 (2018) Preprint 13 June 2019 Compiled using MNRAS LATEX style file v3.0
Statistical properties of polarized CMB foreground maps
Sebastian von Hausegger,1? Aske Gammelgaard Ravnebjerg1 and Hao Liu1,2
1Niels Bohr Institute & Discovery Center, University of Copenhagen, Blegdamsvej 17, DK-2100 Copenhagen Ø, Denmark
2Key laboratory of Particle and Astrophysics, Institute of High Energy Physics, CAS, 19B YuQuan Road, Beijing, China
Accepted XXX. Received YYY; in original form ZZZ
ABSTRACT
Foreground removal techniques for CMB analyses make specific assumptions about
the properties of foregrounds in temperature and in polarization. By investigating the
statistics of foreground components more understanding about the degree to which
these assumptions are valid can be obtained. In this work we investigate E- and B-
mode maps of the two strongest polarized foregrounds, synchrotron and thermal dust
emission, with regards to their similarity with Gaussian processes, their spectral vari-
ations and cross-correlations. We perform tests in patches of ∼ 3.7◦ size collectively
covering the full sky and find most of them to conform with their Gaussian expectation
according to the statistics in use. Correlations exhibit distinct differences in E- and
B-mode signals which point towards necessities in foreground removal methods. We
discuss potential consequences and possible further directions.
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1 INTRODUCTION
The polarization of the Cosmic Microwave Background
(CMB) offers unique insights into the dynamics of light
and matter around redshift z ∼ 1100, the epoch of re-
ionization around z ∼ 6, and possibly primordial gravi-
tational waves. (For a recent review of the corresponding
physics and experimental achievements, see Staggs et al.
(2018).) This latter contribution is conveniently character-
ized by the tensor-to-scalar ratio r whose detection is yet
outstanding. While the most recent analyses result in upper
bounds of r < 0.07 (Aghanim et al. 2018a; BICEP2/Keck
Collaboration et al. 2015), future surveys forecast sensitivi-
ties of down to r ∼ 10−3 or even 10−4 (e.g. Abazajian et al.
(2016)), based on our current knowledge of those sources
interfering with a clean measurement. Galactic foregrounds
and systematics, especially in polarization, seem to offer the
greatest challenges, and the corresponding methods for their
removal (Aghanim et al. 2016; Akrami et al. 2018a) are per-
petually tailored to our continuously improving understand-
ing of their influences.
The Galactic foreground components contributing most
to the polarized microwave and millimeter sky are syn-
chrotron radiation, at low, and thermal dust emission, at
high frequencies; others are presumably only polarized at the
percent level. Many properties of the polarized synchrotron
and thermal dust skies are already under thorough investi-
gation (Ade et al. 2015b,a; Akrami et al. 2018b; Krachmalni-
coff et al. 2018). For instance, out of immediate relevance to
? E-mail: s.vonhausegger@nbi.dk
the extraction of cosmological parameters from the CMB,
those properties related to their power spectra have been
of great interest (Adam et al. 2016a), of which the surpris-
ingly constant ratio of approximately 2 of the dust’s E-to-B-
mode power (Ade et al. 2016a) at intermediate to high mul-
tipoles has sparked considerable attention (Caldwell et al.
2017; Kritsuk et al. 2018; Kandel et al. 2018). While also of
astrophysical interest, statistical investigations of Galactic
foregrounds can also assist their very removal to obtain a
sufficiently cleaned CMB map.
Searches for and detection of residual foreground emis-
sion in CMB products have been practiced already since the
first release of the WMAP data (e.g., Naselsky et al. (2004,
2003); Dineen & Coles (2004)) and more recently on Planck
data (e.g. von Hausegger et al. (2016)), highlighting poten-
tial downsides of assumptions made in foreground removal
algorithms. Besides the general hope for reducing residual
contamination in the final product, meticulous searches for
statistical peculiarities in the CMB (Ade et al. 2016b), e.g.,
primordial non-Gaussianity (Bartolo et al. 2010), must be
safe from distortion of these very distributions from contam-
inants such as systematic noise and/or foregrounds. Only re-
cently more focus has been placed on understanding the rela-
tionship of foreground’s statistics with those which are used
to search for non-Gaussianity in the final CMB products, see
e.g. Hill (2018); Jung et al. (2018); Coulton & Spergel (2019).
In this work we would like to take a step back and investigate
the statistical behavior of foregrounds in a general manner,
independent of studies of specific CMB non-Gaussianities, in
order to, among others, finally make connections to general
issues in foreground removal methods. Also this has been
© 2018 The Authors
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of recent interest (Ben-David et al. 2015; Rana et al. 2018)
regarding temperature maps of Galactic synchrotron radia-
tion, which calls for similar studies of maps of polarization.
At present, foreground separation techniques place re-
quirements on certain properties of the foreground compo-
nents – some explicitly, such as parametric foreground fitting
algorithms (Eriksen et al. 2008), and some implicitly, such
as so-called blind foreground removal techniques (Bennett
et al. 2003; Cardoso et al. 2008; Delabrouille et al. 2009).
By the example of the latter, we shall, in section 2 of this
paper, provide motivation to analyse statistics of these fore-
ground components regarding their Gaussianity and their re-
lations to each other. The evaluation of all such algorithms is
most effectively assisted by a set of simulated foregrounds,
which in turn depend on assumptions about their statis-
tics: The simulation of certain foregrounds’ properties is of-
ten underpinned by assuming Gaussian behavior (Tegmark
et al. 2000; Tegmark & Efstathiou 1996), and small-scale
structure is commonly added into existing maps by sim-
ply generating Gaussian fluctuations according to extrapola-
tions of the available power spectra (Remazeilles et al. 2015;
Herv´ıas-Caimapo et al. 2016). As accurate simulations are
instrumental in making realistic predictions for forthcom-
ing surveys, exploiting possible Gaussian patterns in fore-
grounds’ statistics will prove itself useful. In other words,
understanding foregrounds’ statistics will enable to justify
(and expand on) assumptions in current foreground sim-
ulation procedures, such as those of Thorne et al. (2017)
or Delabrouille et al. (2013). Some recent effort has already
gone into the determination at which scales the assumption
of Gaussianity in foregrounds holds (Ben-David et al. 2015;
Rana et al. 2018). These findings are to be extended to stud-
ies of polarization which for the first time is attempted in
this work, by the investigation of Galactic foreground E- and
B-mode maps.
In short, the aim of this paper is to elucidate assump-
tions inherent to current foreground removal techniques
and to, once convinced that foreground residuals will be
present in CMB maps at some level, generally characterize
their statistics.
After a general motivation in section 2, our procedure
for classifying Gaussianity is briefly reviewed in section 3. In
section 4 we then present the results from E- and B-mode
maps at 23 and 353 GHz, corresponding to the polarization
signal from synchrotron and from thermal dust emission,
respectively. We conclude in section 5.
2 MOTIVATION
To illustrate the necessity of studying the statistics of fore-
grounds, we provide the following motivation. A commonly
used framework to understand so-called blind foreground
subtraction algorithms is that of Internal Linear Combina-
tion, or ILC, which has been introduced to CMB science by
the WMAP collaboration (Bennett et al. 2003). Sky maps
of different frequency are linearly combined with the aim
to arrive at a map of the CMB anisotropy. More sophis-
ticated algorithms are in use today, see e.g. Adam et al.
(2016b), albeit they produce CMB products consistent with
an ILC solution. In this section we shall briefly review es-
sential elements and assumptions of the ILC method, as a
representative of such blind foreground removal techniques.
The method goes as follows (Eriksen et al. 2004). Con-
sider a signal, sν(p), on the sky consisting of only CMB
anisotropy, c(p), and a term describing the foreground, fν(p),
for each pixel p, measured at frequency ν, and in units
where the CMB’s contribution is frequency independent. A
weighted sum over all frequency maps reads
S(p) =
∑
ν
wνSν(p) = C(p) +
∑
ν
wνFν(p), (1)
for which we assumed
∑
ν wν = 1 and where we defined
Sν(p) = sν(p) − 〈sν〉Ω,
C(p) = c(p) − 〈c〉Ω,
Fν(p) = fν(p) − 〈 fν〉Ω,
and the angular brackets 〈...〉Ω denote the average over all
pixels p ∈ Ω, the region of the sky under consideration. The
incentive of the ILC method is to fix the weights wν such
that the last term in Eq. (1) vanishes. This is not gener-
ally possible, and is conventionally solved by requiring the
variance of S to be minimal. The variance of Eq. (1) then
reads
〈S2〉Ω = 〈C2〉Ω + 2
∑
ν
〈C Fν〉Ω wν +
∑
νµ
〈Fν Fµ〉Ω wνwµ . (2)
The first term in Eq. (2) corresponds to the variance of the
CMB signal, the second describes the chance correlations
between the CMB and the total foreground in the frequency
band ν, and the last term depends on the cross-correlation
matrix of the foregrounds at frequencies ν and µ. All these
quantities are evaluated in the entire region Ω.
To understand the construction of this method we first
consider the simplified case in which we can express the fore-
ground term as
Fν(p) = ανF(p), (3)
where αν = const. and scales the template F(p) along fre-
quencies. In the case of a foreground with power-law emis-
sion, αν = (ν/ν0)β , the spectral index β = const. across the
entire region Ω. From Eq. (1) it can be seen that the CMB
is solved for by computing the weights as∑
ν
ανwν = 0, (4)
which at the same time1 minimizes the variance, Eq. (2).
This even generalizes to the case where F describes the
superposition of n foregrounds, each scaled similar to
Eq. (3). Such a system is fully determined for observations
at n + 1 frequencies, or more.
1 It should be clear that in the case where Eq. (3) (or its extension
to n foregrounds) is fulfilled, the minimization of the variance
becomes redundant. In the case of a single foreground only two
observations at different frequencies are required to solve for the
weights wν :
w1 = −α2
α1
(
1 − α2
α1
)−1
, w2 =
(
1 − α2
α1
)−1
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In reality, Galactic foregrounds do not follow Eq. (3)
perfectly, i.e. αν must be promoted to be direction depen-
dent, or αν = αν(p). In terms of a power-law foreground, this
translates into a spatially varying spectral index.2 The min-
imization of Eq. (2) then results in wν such that there are
pixels, p, for which
∑
ν wνFν(p) = 0 does not hold. In other
words, residual emission in the final CMB product becomes
inevitable with this method. We expand on this point and
consider the factor αν → αν · (1+∆ν(p)), where ∆ν(p) can be
assumed Gaussian. We find that the equivalent of Eq. (4),∑
ν
ανwν(1 + ∆ν(p)) = 0, (5)
now cannot be satisfied within the entire region Ω up to
the Gaussian term
∑
ν ανwν∆ν(p). For the same reason the
variance of S is biased by the term〈
F2(p)
∑
νµ
[2 + ∆ν(p)]∆µ(p)αναµwνwµ
〉
Ω
, (6)
in addition to the one describing chance correlations between
the CMB and ∆ν(p). The first term accounts for the corre-
lation between ∆ν(p) and the foreground ‘intensity’, F2(p),
while the second term, ∝ (F(p)∆ν(p))2, scales like the vari-
ance of the F–∆ correlations. In the case of a power-law
foreground with αν(p) = (ν/ν0)β(p) the spectral index can
be written as β(p) = β + δβ(p). Assuming that the variation
|δβ(p)|  β we can approximate αν(p) ≈ αν(1+δβ(p) ln(ν/ν0))
which leads to the corresponding form of Eq. (6),〈
F2(p)
∑
νµ
[
2 + δβ(p) ln
(
ν
ν0
)]
δβ(p) ln
(
µ
ν0
)
αναµwνwµ
〉
Ω
. (7)
Keeping in mind the potentially varying properties of
foregrounds across the sky, we allow ourselves one last re-
mark about the ILC approach, where we consider those
patches of the sky, in which the foregrounds are completely
uncorrelated from band to band. In these zones one can
model the correlation matrix 〈Fν Fµ〉Ω in Eq. (2) as a di-
agonal matrix:
〈Fν Fµ〉Ω = 〈Fν Fµ〉Ω δν,µ (8)
where δν,µ is the Kronecker symbol. Then, the contribution
to the total variance 〈S2〉Ω from the foreground components
simplifies to∑
µν
〈Fν Fµ〉Ω wνwµ =
∑
ν
〈F2ν 〉Ω w2ν, (9)
which is overall positive-definite. Already given Eq. (8),
we see that foregrounds of this sort cannot be removed by
linear combination.
In this rough exploration we have not considered noise
2 Indeed, with the onset of more precise measurements of the
radio sky, it will become increasingly clear that the spectral in-
dex of synchrotron emission varies across the sky (Taylor 2018;
Krachmalnicoff et al. 2018), and also for thermal dust emis-
sion such variation has been observed and is known as de-
correlation (Aghanim et al. 2017) (see, however, Sheehy & Slosar
(2018) and Akrami et al. (2018b))
terms. However, their inclusion would only lead to the addi-
tion of the noise covariance matrix, and the corresponding
cross-covariance matrices in Eq. (2), and not change the ar-
guments about the foreground properties made above. In
particular, Eqs. (8)–(9) look equivalent for non-correlated
noise terms. Yet there is an essential difference between un-
correlated foreground and uncorrelated noise: By the contin-
uing improvement in detector technology, one may obtain
lower noise levels and thereby reduce the influence of this
term, the contribution from uncorrelated foregrounds, how-
ever, remains the same. In the case of Gaussian, uncorrelated
foregrounds (or noise) Eq. (8) completely describes their
properties, and in the light of the previous discussion we find
Gaussianity in a region Ω to arise from either the foreground
‘template’ F(p) itself, or from the direction-dependent term
∆ν(p), while the respective other remains nearly constant. In
particular, any residual of the sort described in Eq. (5), will
itself be Gaussian. The later distinction of such contamina-
tion from the also Gaussian CMB will be challenging.
It is these considerations which motivate a spatially
resolved investigation of foregrounds with regards to their
statistics – in specific, we shall investigate their similarity
(or dissimilarity) to Gaussian variables in small patches dis-
tributed over the sky, in addition to studying correlations
between foreground maps on the same scales. In a previous
study (Ben-David et al. 2015) we have performed such tests
on a full-sky temperature map at 408 MHz, representative
for Galactic synchrotron radiation; we here extend the anal-
ysis to polarized foregrounds. Even though formulated for
temperature fields, above considerations hold also for the
removal of polarization foregrounds.3 In the remainder of
this paper we will investigate the E- and B-modes of full-
sky polarized foreground maps.
3 HOW TO CLASSIFY GAUSSIANITY
There is a multitude of ways in which distributions can
be investigated with regards to their shape. In particular
Gaussian distributions (or deviations thereof) have been in
the prime focus of such methods (D’Agosino & Stephens
2015). As motivated above, we here are interested in the
(dis)similarity of foregrounds with such, that follow Gaus-
sian distributions. While no estimator can detect any sort
of non-Gaussianity with equally high efficiency, and we do
not have any preconception with regards to a specific type
of distribution, we restrict ourselves to the third and fourth
normalized statistical moments, the skewness and kurtosis,
as done in our earlier work.
Our aim is to test whether the emission from Galactic
foregrounds on defined scales is consistent with originating
3 In addition to the assumptions about constant spectral indices
or the like, the ILC approach in polarization requires the polariza-
tion angles of each component to be constant across frequencies.
It is not clear whether the ILC in polarization is best performed
on the Stokes parameters Q and U, or their non-local transfor-
mations E and B. Depending on the particular method, both are
in use. Also combinations of both in decompositions like those
proposed in Liu et al. (2018) and Rotti & Huffenberger (2019)
might be of interest. Also for this reason we show corresponding
results for Q and U in the appendix, Figs. A3 and A4.
MNRAS 000, 1–10 (2018)
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from a Gaussian. We hereto investigate the distributions of
pixels within patches of that very scale as follows. For a
given map at HEALPix4 resolution NSide = Ns we compute
both skewness, γ1, and excess kurtosis, γ2, in patches defined
by the pixel borders of a lower resolution, NSide = ns, as
γ1 =
1
N
N∑
i
( xi − m
σ
)3
γ2 =
1
N
N∑
i
( xi − m
σ
)4 − 3, (10)
where N = (Ns/ns)2 is the number of pixels within a patch,
m is the mean value, and σ is the sample standard deviation
of values xi within the patch. An example for such a map is
shown in the upper panel of Fig. 1. For a Gaussian sample
we expect all odd moments to be zero and all even moments
to carry no more information than already obtained from its
variance. In particular, 〈γ1〉 = 0 and 〈γ2〉 = −6/(N + 1) for an
uncorrelated, Gaussian sample of size N. Further, the two
quantities are related by the inequality (Pearson 1916),
γ2 ≥ γ21 − 2. (11)
While similar expressions for higher moments of the ex-
pected distributions of both skewness and kurtosis can be
obtained for uncorrelated draws from a Gaussian distribu-
tion, it cannot be expected that patches on a sky map con-
tain spatially uncorrelated values. For instance, in the case
of synchrotron emission, it is the statistical properties of
Galactic magnetic fields co-determining those of the emit-
ted synchrotron signal; a certain tendency for correlations
among neighboring pixels will therefore exist.5
Spatially localized structures, i.e. correlations in the
pixel domain, will generally lead to correlations in the
Fourier phases, and even a Gaussian, statistically homoge-
neous and isotropic signal, i.e. where the phases are drawn
at random from a uniform distribution, can still have ‘pre-
ferred clustering’, as for example is expected for the CMB.6
As we wish to perform our tests in the pixel domain, we
must establish a fair measure by which to estimate the de-
gree of (or departure from) Gaussianity, given the computed
values of skewness and kurtosis. We do this by generating
simulated sky maps based on the power spectrum of the in-
vestigated sky map, i.e. they all have the same power spec-
trum as the input map, while their phases are selected from
a uniform distribution as noted above. A set of 1000 such
realizations provides us with 12000 × n2s skewness and kur-
tosis values which we cast into a 2-dimensional histogram
(cf. Eq. (11)), to approximate the skewness-kurtosis prob-
ability distribution from which Gaussian samples would be
drawn. Contours on this distribution will serve as guidelines
4 https://healpix.sourceforge.io
5 In fact, the observed synchrotron sky arises from an interplay
between many influencing factors, such as super nova rate and
their spatial distribution, the cosmic ray electrons’ energy and
their spatial distribution, the alignment and strength of Galactic
magnetic fields, absorption effects of the interstellar medium, etc.
In polarization one must further consider depolarization effects
along the line-of-sight, such as the frequency dependent Fara-
day rotation, which depends on most of the previously mentioned
quantities in a non-trivial manner.
6 Further note that, any signal observed through an instrument
is automatically convolved with the instrument’s beam function,
which produces named clustering to below the beam’s size.
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Figure 1. Example demonstrating the method. Top panel: The
skewness map of the K-band’s E-mode. Middle panel: Histogram
of both skewness, γ1, and kurtosis, γ2, from the patches of 1000
simulated sky maps based on the power spectrum of the K-band’s
E-mode. The contours delineate 1, 2 and 3σ. Bottom panel: The
skewness-kurtosis histogram for the K-band’s E-mode map. The
contours from the histogram in the middle panel are used to dis-
cern Gaussian from less Gaussian patches.
when deciding on the degree of Gaussianity of the input sky
map’s patches, as shown in the middle and bottom panels
of Fig. 1. More detail on the computations and background
information can be found in Ben-David et al. (2015).
4 RESULTS
As described above, we are interested in extending our pre-
vious formalism of Gaussianity checks to the E- and B- po-
MNRAS 000, 1–10 (2018)
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larization maps, as well as performing correlation studies on
them. The maps under investigation here are the E and B
maps of the WMAP K-band map (Bennett et al. 2013) and
the Planck 353 GHz map (Aghanim et al. 2018b) primarily,
which in polarization well describe synchrotron and thermal
dust polarization respectively7. For the correlation studies
we also utilize the WMAP Ka-band polarization maps and
those of the Planck 217 GHz map. All maps are smoothed
with a 1◦ beam, prior to all calculations. The results we ob-
tain in this manner can point out departures from Gaussian
statistics of the foregrounds for the scales investigated and,
in addition, locate these very departures on the sky. Also the
correlations are performed locally via mosaic correlations.
In this context it is important to emphasize that finding
any one region on the E- or B-mode sky to be particularly
Gaussian (or non-Gaussian) does not equate to stating that
physical processes in the same direction contribute to this
finding. This is due to the non-local definition of the E- and
B-modes: Each point on the E/B sky receives contributions
from all other points on the Q/U sky, except its own direc-
tion (and its antipole; for a nice explanation, see Rotti &
Huffenberger (2019)). One might argue, that therefore the
many contributions are expected to render the signal in any
particular direction Gaussian by the central limit theorem.
None the less, the introductory arguments and searches for
non-Gaussianity in the CMB’s E- or B-modes motivate a
characterization of the foregrounds along similar lines.
As in our previous work, Ben-David et al. (2015), we
present results from investigating maps at an NSide = 512 in
patches of NSide = 16, which corresponds to scales of approx-
imately 3.7◦. However, this methodology can be applied to
patches of different size (and shape) for the analysis of dif-
ferent scales. Despite smoothing, the presence of noise in the
polarization maps of both WMAP and Planck influences the
signal at high Galactic latitudes. While we demonstrate in
appendix B that this does not severely affect the results in
skewness and kurtosis (subsection 4.1; also Figs. A3 and A4),
we shall see the clear consequence of this in subsection 4.2.
4.1 Skewness and Kurtosis
We calculate skewness and kurtosis values for the E and the
B maps in NSide=16 pixels as shown by the example in the
middle panel of Fig. 1. As described in the previous section
we quantify the degree of non-Gaussianity of the respective
patches on the sky as their deviations from an ensemble
of Gaussian simulations. As demonstrated in the bottom
panel of Fig. 1 for the E map, we hereto overlay the result-
ing 2-dimensional skewness-kurtosis histograms of the E or
B maps with contours from the corresponding simulations.
Using the simulations’ probability distribution functions we
can assign a probability to each pair of skewness/kurtosis
values, and thereby to each patch. By doing this we com-
pute maps of departures from the Gaussian expectation in
units of standard deviations for both E- and B-modes. (In
7 We break consistency of using only Planck maps for we want
to avoid our results being contaminated by residual systematics
in the Planck 30 GHz map (see e.g. Weiland et al. (2018), or
Table C.1 in Liu (2018)).
0 2σ
0 2σ
Figure 2. Deviations of the skewness and kurtosis values from
their Gaussian expectation in units of standard deviations, σ,
quantified by the Gaussian realizations as described in the text.
The values were computed from the WMAP K-band E- (top
panel) and B-mode (bottom panel) maps in patches of NSide = 16.
The standard deviations are calculated using the probability dis-
tribution functions obtained from the simulations.
Figs. A3 and A4 we show the corresponding maps for Q- and
U-modes for completeness.)
4.1.1 Synchrotron polarization
We show maps of the standard deviations computed for the
E- and B-modes of WMAP ’s K-band map in Fig. 2. Most
patches deliver values below 2σ and therefore, according to
our estimator, qualify as consistent with arising from a Gaus-
sian sample. Apart from hints towards peculiarities along
the Galactic plane the distribution of values further does
not seem to prefer certain regions on the sky. This find-
ing resembles the one for the 408 MHz Haslam map, shown
in Ben-David et al. (2015).
4.1.2 Dust polarization
Equivalent to the synchrotron results in the previous section
we compute those of Planck ’s 353 GHz polarization maps for
the same patch sizes. These appear to be very similar, see
Fig. 3, apart from a slight surplus of high skewness patches,
which lead to a correspondingly higher abundance of > 2σ
patches. This tendency is also observed in dust temperature
maps and can be traced back to the presence of pronounced
filaments and point sources in the dust maps. While point
sources are not expected to be intrinsically polarized, fila-
ments can be visible on polarization maps. In particular the
E-mode will inherit power from polarized filaments, due to
its sensitivity to elongated structures (see, e.g., Liu et al.
MNRAS 000, 1–10 (2018)
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0 2σ
0 2σ
Figure 3. Same as Fig. 2, just for the polarization of the Planck
353 GHz map.
(2018)), and indeed we find the 353 GHz E-mode map to
give ≈ 26% more patches with values above 2σ than the
B-mode map.
4.2 Correlations
In section 2 we discussed the possibility of spatially vary-
ing spectral indices, or, more generally, spatial variation in
the scaling coefficient of a ‘template’ per foreground com-
ponent. Another point of discussion was formed by regions
Ω on the sky within which foreground or noise signal are
uncorrelated from band to band. Both lead to terms in the
S map’s variance which prevent a minimization which is in-
dependent of sky location, and thereby constitute potential
contamination in the final CMB product. We shall here in-
vestigate the same patches with regards to these properties
which previously were tested for Gaussianity.
As before, we at first focus on low and high frequency
foregrounds separately. We each consider correlations be-
tween the signals measured in two bands, which are dom-
inated by the same foreground mechanism. To make com-
parison to the results of the previous subsection, also here
we compute Pearson correlations in patches of NSide = 16
– a method known as mosaic correlation (as presented
by Verkhodanov et al. (2009), and used in von Hausegger
& Liu (2015) for the case of correlations among foreground
temperature maps). Any correlation short from perfect, i.e.
any change in a signal from one frequency to one nearby
can only be induced by spatial variations of the spectral in-
dex (or of an equivalent scaling of the foreground), or by
instrumental noise; for the frequencies considered, no other
polarized foreground components nor CMB should play a
significant role besides synchrotron or thermal dust.
4.2.1 Synchrotron polarization
To detect changes in the synchrotron sky in nearby frequen-
cies we compare the WMAP K-band (23 GHz) with the
Ka-band (33 GHz) polarization maps. Neither of free-free
emission, spinning dust emission, nor molecular line emis-
sion, is expected to be polarized at a level comparable to
synchrotron emission over most of the sky, such that we can
assume both maps to carry signal from either synchrotron
emission or noise. We present the resulting mosaic correla-
tion maps, KEK×Ka and K
B
K×Ka, in the left panels of Fig. 4.
Distinct is the area of most pronounced correlations along
the Galactic plane, slightly extending also along the North
Polar Spur, especially for the E-mode maps. While posi-
tive correlations overweigh, at intermediate to high Galactic
latitudes the correlations weaken and expose many patches
with correlations close to zero, see also Fig. A1. In order
to understand the origin of this reduced correlation we in-
vestigated WMAP K- and Ka-band single-year maps which
showed that the dominating contributor at high Galactic
latitudes is most likely noise. However, recall that it is irrel-
evant to the point presented in section 2 whether this loss
in correlation arises from changes in the foregrounds’ mor-
phology or from uncorrelated instrumental noise in the two
bands – both present challenges for ILC-like methods.
4.2.2 Dust polarization
Applying the same method to the 217 GHz and 353 GHz
Planck maps to obtain results for the polarized thermal dust
sky, leads to the correlations presented in the middle panels
of Fig. 4. Similar to the case at low frequencies high cor-
relation can be observed close to the Galactic plane and
lower to vanishing correlation towards high Galactic lat-
itudes. The larger abundance of high correlation patches,
see also Fig. A2, is largely due to higher signal-to-noise ra-
tios in the maps (a conclusion also supported by analyzing
half-mission maps), but could also indicate generally lower
amount of spectral index variation in thermal dust emission.
4.2.3 Correlations between synchrotron and dust
Before concluding we still need to consider correlations be-
tween synchrotron and dust emission. In the case of more
than a single foreground the variance 〈S2〉Ω will also con-
tain cross-terms between the different foreground compo-
nents such that the weights wν need to be determined ac-
cording to high or low cross-correlation. We show the cor-
responding mosaic correlation maps in the right panels of
Fig. 4 for both E- and B-modes of the WMAP K-band and
the Planck 353 GHz map. The tendency in both is higher
correlations along the Galactic plane. However, away from
the Galactic plane no strong correlation between the po-
larized emission of synchrotron and thermal dust emission
is established on the scales given by the patch size investi-
gated here. We further point out that while the high Galactic
latitudes are most likely, as before, affected by instrumen-
tal noise, noticeable differences between the correlations at
low Galactic latitudes from E- and B-modes can be seen
– those latitudes where instrumental noise is subdominant.
We return to this point in the discussion. However, higher
sensitivity observations will be needed to characterize the
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Figure 4. Mosaic correlations between E-mode (upper panels) and B-mode maps (lower panels). Left panels: Correlations between
WMAP K- and Ka-band maps. Middle panels: Correlations between Planck 217 and 353 GHz maps. Right panels: Correlations between
WMAP K-band and Planck 353 GHz maps.
foregrounds’ polarized emission better both at low and at
high frequencies.
5 DISCUSSION AND CONCLUSION
While also of astrophysical interest statistical investigations
of Galactic foregrounds also have great relevance in regards
to sufficient foreground removal, as we showed in this paper.
In particular distinct statistical properties of E- and B-mode
signals require an adequate, perhaps separate treatment in
foreground separation algorithms.
In this work we investigated statistics of the two
strongest CMB foregrounds in polarization, synchrotron ra-
diation and thermal dust emission, in order to draw con-
clusions on the feasibility of obtaining a clean CMB map.
In particular variations of foreground properties across the
sky were of motivated interest wherefore we employed two
methods which both work in predefined patches on the sky –
the skewness-kurtosis method for classification of foreground
maps as Gaussian processes (Ben-David et al. 2015), and the
mosaic correlations (von Hausegger & Liu 2015). The E- and
B-mode maps under investigation were smoothed to 1◦ and
the selected patches were of extent ∼ 3.7◦, which can be
roughly translated into the multipole range ` ∈ [50, 180]. We
summarize our findings as follows:
• On scales between approximately 1◦ and 3.7◦ the E- and
B-mode maps of both synchrotron and thermal dust polar-
ization exhibit distributions consistent with those expected
from Gaussian realizations over most of the sky, with pre-
ferred regions of departure only along the Galactic plane,
cf. Figs. 2 and 3.
This might prove itself helpful in the construction of po-
larized foreground simulations a` la Herv´ıas-Caimapo et al.
(2016). Also studies on measuring polarization of the 21-
cm line (Babich & Loeb 2005) require simulations of po-
larized radio foregrounds. Our findings can be seen as an
addition to implementing or justifying assumptions about
Gaussianity of foregrounds in such simulations, also in po-
larization (e.g. Jelic et al. (2008)).8
• On the same scales we find spatial variation of the fre-
quency spectra of both synchrotron and thermal dust polar-
ization to be negligible along the Galactic plane, cf. Fig. 4.
• At intermediate and higher Galactic latitudes increased
instrumental noise prevents us from drawing conclusions
about the spectral properties. However, the observed de-
crease in correlations also in the case of noise will impede
ILC-like foreground removal algorithms, as elaborated in
section 2.
• Mosaic correlations between synchrotron and dust po-
larization maps were distinctly different for E- and B-mode
maps along the Galactic plane.
Given this last point, weights determined from the ILC ap-
proach would therefore be necessarily different for a fore-
ground separation in E- or B-modes. Separation of fore-
ground and CMB performed, for example, with the Stokes
parameter Q and U maps, would thereby mix the distinct
statistical properties of E- and B-mode signals. Exploration
of new methods of foreground separation for polarized sig-
nals might therefore be desirable. Furthermore, depolar-
ization effects add additional uncertainty and/or bias to
foreground cleaning algorithms. Statistical investigations as
those presented here offer means to understand such effects
or their influences on the final CMB product in more de-
tail, especially once higher fidelity polarization data become
available.
It should not be omitted to mention that correlations
8 Since our previous findings (Ben-David et al. 2015) for a tem-
perature map of synchrotron emission could be confirmed by Rana
et al. (2018), it would be interesting to see whether the presented
results are also confirmed using equivalent methods for polariza-
tion such as Chingangbam et al. (2017).
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between synchrotron and dust polarization have been
subject to a many of recent studies to assess the poten-
tial level of foreground contribution at those frequencies
where the CMB signal is strongest (Choi & Page 2015;
Krachmalnicoff et al. 2016, 2018; Akrami et al. 2018b).
Their findings underline the existence of these correlations
among the components also at high Galactic latitudes,
and correlations were quantified for different scales by
computing the corresponding cross-power spectra. However,
they do not consider spatial variation of the correlation
other than imposing Galactic masks of different extent.
For the scales chosen in this work, we pointed out these
spatial variations here, and, in addition to the differences
between those from E- and B-modes, showed their relation
to principles in current foreground separation algorithms.
In light of the increasingly precise measurements at mi-
crowave frequencies performed for the observation of the
CMB, an equally precise understanding of the behavior of
those sources interfering with a clean measurement is re-
quired. Given that foreground separation algorithms and the
subsequent inclusion of the CMB products in a combined
framework for determining the cosmological parameters fo-
cus on the less contaminated regions of the sky, away from
the Galactic plane, these results will need to be taken into
account in further analyses of the results. In other words,
the supposedly cleanest regions of the sky might contain the
most stubborn foregrounds.
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Figure A1. Histograms of the mosaic correlations between
WMAP K- and Ka-band E-mode (upper panel) and B-mode
maps (lower panel), as shown in Fig. 4. The inset shows in blue
those regions from which the blue distribution is plotted, corre-
sponding to the WMAP polarization mask. The gray histogram
contains the values from the full sky.
APPENDIX A: ADDITIONAL FIGURES
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Figure A2. Same as Fig. A1, but for mosaic correlations between
the Planck 353 GHz and the 217 GHz maps. The blue mask here
is the Planck polarization mask. In addition we select patches
via a more aggressive mask, the Planck Gal20 mask, shown in
orange.
APPENDIX B: WEIGHTED MOMENTS
In order to underpin the skewness/kurtosis results of sec-
tion 4.1 with regards to noise in the maps, we here repeat
the calculations after down-weighting pixels with lower re-
liability. We do this by example of the WMAP K-band Q
and U maps which come with a maps of Nobs, the number of
observations per pixel. We compute the weighted and stan-
dardized skewness and excess kurtosis in the standard way:
γw1 =
V1
V21 − V2
N∑
i
Nobsi
(
xi − mw
σw
)3
(B1)
γw2 =
V1
V21 − V2
N∑
i
Nobsi
(
xi − mw
σw
)4
− 3, (B2)
where Vj ≡ ∑Ni (Nobsi )j , and the weighted mean and weighted
standard deviation compute as
mw =
1
V1
N∑
i
Nobsi xi (B3)
(
σw
)2
=
V1
V21 − V2
N∑
i
Nobsi (xi − mw)2. (B4)
The significance maps which are shown in Fig. B1 should
be compared with those of Fig. A3: hardly any difference
can be seen by eye. The reason is to be found in the largely
smooth sky coverage of the satellite, i.e. the map of Nobs
changes little below the scale of one patch. This also holds
for Planck’s 353 GHz map, even though, due to the lack of
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Figure A3. Deviations of the skewness and kurtosis values from
their Gaussian expectation in units of standard deviations, σ,
quantified by the Gaussian realizations as described in the text.
The values were computed from the WMAP K-band Q- (top
panel) andU-mode (bottom panel) maps in patches of NSide = 16.
The standard deviations are calculated using the probability dis-
tribution functions obtained from the simulations.
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Figure A4. Same as Fig. A3, just for the polarization of the
Planck 353 GHz map.
0 2σ
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750 2000Nobs
Figure B1. Top and middle panel: Same as Fig. A3, just for
skewness and kurtosis weighted by Nobs as defined in Eqs. B1–
B4. Bottom panel: The number of observations Nobs.
a Nobs product, one must estimate corresponding weights
from the data.
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